SINGULAR COSPHERE BUNDLE REDUCTION 



OANA M. DRAGULETE, TUDOR S. RATIU, AND MIGUEL RODRIGUEZ-OLMOS 



Abstract. This paper studies singular contact reduction for cosphere bun- 
dles at the zero value of the momentum map. A stratification of the singular 
quotient, finer than the contact one and better adapted to the bundle struc- 
ture of the problem, is obtained. The strata of this new stratification are a 
collection of cosphere bundles and coisotropic or Legendrian submanifolds of 
their corresponding contact components. 



1. Introduction 

The main goal of this paper is to carry out the singular reduction of cosphere 
bundles at the zero value of the contact momentum map. This presents interest 
because cosphere bundles carry considerably more structure than a general contact 
manifold and have the same privileged position in contact geometry that cotangent 
bundles have in symplectic geometry. 

Contact reduction appears for the first time in the work of Guillemin and Stern- 
berg |§] in the context of reducing symplectic cones. Albert £Q and, several years 
later, Geiges [7] and Loose |12| independently defined and studied contact reduction 
at the zero value of the contact momentum map for free proper contact actions of 
Lie groups. Reduction at a general value of the momentum map was studied by 
both Albert and Willett who proposed two different versions of dealing 
with it. It turns out that Willett 's method is the one that naturally parallels the 
symplectic reduction theory, even in the singular case as shown by Lerman and 
Willett jTJ. They prove that the resulting contact quotient, at any value of the 
momentum map, depends only on the contact structure, that it is independent of 
any contact form that defines the contact foliation, and that it is a stratified space, 
more precisely, a cone space. 

The case of cosphere bundle reduction for proper free lifted Lie group actions 
was studied in with a view of comparing the theory to that for cotangent bun- 
dle reduction. It turns out that in regular contact reduction of cosphere bundles 
there are no analogues of magnetic terms. In parallel, in the authors have 
developed the theory of singular cotangent bundle reduction at the zero value of 
the momentum map and have found a finer stratification than that given by the 
general theory due to the additional structure of the cotangent bundle and the fact 
that the Lie group action is a cotangent lifted action. A similar phenomenon occurs 
in contact reduction of cosphere bundles. Applying the general theory of singular 
contact reduction due to Lerman and Willett yields contact stratified spaces 
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that, however, lose all information of the internal structure of the cosphere bun- 
dle. Based on the cotangent bundle reduction theorems, both in the regular and 
singular CclSG, clS well as regular cosphere bundle reduction, one expects additional 
bundle-like structure for the contact strata. The cosphere bundle projection to the 
base manifold descends to a continuous surjective map from the reduced space at 
zero to the orbit quotient of configuration space, but it fails to be a morphism of 
stratified spaces if we endow the reduced space with its contact stratification and 
the base space with the customary orbit type stratification defined by the Lie group 
action. The present paper introduces a new stratification of the contact quotient 
at zero, called in what follows the C-L stratification (standing for the coisotropic 
or Legendrian nature of its pieces) which solves the above mentioned two prob- 
lems. Its main features are the following. First, it is compatible with the contact 
stratification of the quotient and the orbit type stratification of the configuration 
orbit space. It is also finer than the contact stratification. Second, the natural 
projection of the C-L stratified quotient space to its base space, stratified by orbit 
types, is a morphism of stratified spaces. Third, each C-L stratum is a bundle over 
an orbit type stratum of the base and each contact stratum can be seen as a union 
of C-L pieces, one of them being open and dense in its corresponding contact stra- 
tum and contactomorphic to a cosphere bundle. The other strata are coisotropic 
or Legendrian submanifolds in the contact components that contain them. 

The paper is structured as follows. Section 2 presents the definitions, conven- 
tions, and results on stratified spaces and contact reduction (regular and singular) 
that are used throughout the paper. Section 3 quickly reviews the relevant results 
on regular contact cosphere reduction. Section 4 presents the stratification of the 
zero level set of the momentum map and begins the work on the stratification of the 
quotient by studying the case of one single orbit type ( Theorem 14. If) . The contact 
stratification and contact geometry of the reduced space are studied in Section 5, 
having as main results Theorems 15.11 and 15.21 The new C-L stratification is also 
introduced here and its properties are investigated. Theorem 15.31 presents a com- 
plete description of its frontier conditions. Section G studies the singular cosphere 
bundle reduction for almost semifree actions, that is, actions that are in bijective 
correspondence with free lifted actions on the cosphere bundle. The stratification 
is computed explicitly and the particular case of the circle acting on the cosphere 
bundle of the plane is carried out in detail. Section 7 studies the example of the 
diagonal action of the two-torus on two copies of the plane, lifted to the cosphere 
bundle. This example is rich enough to illustrate the relationships between the 
various stratifications and the strata are computed explicitly. 



2. Preliminaries 

In this section we will survey the main results of several topics that will be needed 
in the subsequent development of the paper. We will assume that all topological 
spaces are paracompact. In addition, manifolds will be real, smooth and finite- 
dimensional. By group we will mean a finite-dimensional Lie group. Every action 
of a group G on a manifold M is supposed to be smooth and the usual notation 
g ■ m for g £ G and m S M will be employed. The natural pairing between a vector 
space and its dual will be denoted by (•,•). By submanifold, we will always mean 
an embedded submanifold. 
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2.1. Stratified spaces and proper group actions. The natural framework for 
singular reduction is the category of stratified spaces. We briefly recall here the 
basic concepts (see \TJ\). Let X be a topological space and Zx = {Si : i G 1} a 
locally finite partition of X into locally closed disjoint subspaces Si C X, where I is 
some index set. We say that (X, Zx) is a decomposed space if every Si is a manifold 
whose topology coincides with the induced one from X and if the frontier condition 
holds: $j n Sj ^ implies Si C Sj, whence Si C dSj, where dSj :— Sj\Sj. In this 
case, the elements of Zx are called pieces of the decomposition. 

In a topological space X, two subsets A and B are said to be equivalent at x 
if there exists an open neighborhood U of x such that A n U = B PI U. These 
equivalence classes are called set germs at x. Let S be the map that associates to 
each point x G X the set germ S x = [O] of a locally closed subset O of X. We say 
that (X, S) is a stratified space if, for every point x € A there exists a neighborhood 
U of x endowed with a decomposition Zjj such that for every y S U , <Sj, = , 
where Z(y) G Z;y denotes the piece containing y. In this case we say that the 
decomposition Zjj locally induces S. 

Given two stratified spaces (X, S) and (Y, T) and a continuous map / : X — ► V, 
we say that / is a morphism of stratified spaces (or shorter, a morphism) if for 
every x G X there exist neighborhoods V of f(x) and [/ C / (V") of x such that 

(i) there exist decompositions Zjj and Zy locally inducing the stratifications 
S and T respectively, with the property that for every y G U contained 
in a piece S G Zjj there is an open neighborhood y G W C U such that 
/[^(S n W) is contained in the unique piece R € Zy that contains f(y), 
and 

(ii) f\ SnW ■ S DW -> i? is smooth. 

In addition, we will say that / is a stratified immersion (resp. submersion, diffeo- 
morphism, etc..) if so are all the maps /| Snw ? for every point x G X. Given two 
different stratifications S and S' on the same topological space X, we say that S 
is finer than S' if the identity map lx , viewed as a map between stratified spaces 
(X, S) — > (X, 5'), is a morphism. 

Smooth manifolds are trivially stratified spaces and smooth maps between mani- 
folds are their morphisms. Note that a decomposed space (X, Zx) induces naturally 
a stratification (X, S) by just taking S x to be the set germ of the piece containing 
x, for every x G X. In this case, we call the pieces S, G Zx the strata of (X, S) 
and say that they satisfy the frontier conditions defined by the underlying decom- 
position. In this paper the stratifications that will appear will be of this form and 
thus, for the sake of simplicity, when this is the case we will work most of the time 
with the decompositions inducing these stratifications. 

Let (j> : G x M — ► M be a smooth action of the Lie group G on the manifold M. 
Since M is paracompact it admits a Riemannian metric so if it is connected, M is 
second countable. The action is called proper if x idM is a proper map. In this 
paper we only work with proper actions. For instance, every action of a compact 
group is automatically proper. The main properties of a proper action of G on M 
are: 

(i) For each m G M, its stabilizer (or isotropy group) G m is compact. 

(ii) The manifold structure of the orbit G ■ m is the one that makes the natural 
bijection G/G m — > G ■ m a diffeomorphism. The inclusion G ■ m M is 
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an injective immersion. In addition, the orbit is a closed subset of M . If 
M is connected, then the orbit is an embedded submanifold of M . 

(iii) The quotient space equipped with the quotient topology is paracompact 
and the orbit map n : M — > M/G is open and closed. 

(iv) M admits a G-invariant Riemannian metric. 

(v) If all the stabilizer groups are conjugate to a given subgroup H C G, then 
M/G is a smooth manifold, the orbit map 7r : M — > M/G is a smooth 
locally trivial fiber bundle whose fibers are diffcomorphic to G/H, and the 
structure group of this locally trivial fiber bundle is N(H)/H, where N(H) 
is the normalizer of H in G. 

We now quote Palais' Tube Theorem JS] in a form adapted to our needs, which 
is of great importance in the local study of proper actions. Let m € M. Choose an 
invariant Riemannian metric on M and use it to decompose T m M = q ■ to © S m , 
where g ■ m = {^M(m) : £ € £)}. This splitting is G m -invariant for the linear action 
of G m on T m M . The twisted action of G m on G x S m is defined by 

(2.1) h-(g,s) = (gh- 1 ,h-s) 

for h 6 G m , g (z G and s G SVn- Since G m acts freely on the right on G, the twisted 
action is free. In addition, G m is compact by property (i) of proper group actions, 
so the quotient space, denoted by G X(j m S m , is a manifold. The Tube Theorem 
implies the existence of a G m -invariant open ball U around the origin in S m such 
that the map ip : G x Q m S m — ^ M defined by 

(2-2) tl>({g,s])=g-exp m (s) 

maps G x Q m U diffeomorphically and equivariantly onto a G-invariant neighborhood 
U' of G • to in M. Here, exp m is the exponential map at to associated to the chosen 
Riemannian metric. The map ip is called a tube for the action and S m is called a 
linear slice, or simply a slice of the action at to. 

Let Im be the isotropy lattice of M, i.e. the set of conjugacy classes of subgroups 
of G which appear as stabilizers for the action of G on M. Such classes, called orbit 
types, are denoted by (H) . For each element (H) € Im the (ff )-orbit type manifold 
is defined by 

(2.3) M {H) = {to e M | (G m ) = (#)}. 

In the same way, for any subset A of M one defines the orbit type sets of A by 
Am) — ^nMfg) and the isotropy lattice of A by restriction. For a proper G-action 
on a manifold M such that M/G is connected, there is always a subgroup Hq C G 
such that M(h ) is open and dense in M and i?o is conjugate to a proper subgroup 
of any other stabilizer. This orbit type (Hq) is called the principal orbit type of Im- 
Obviously, the collection of orbit type manifolds forms a partition of M. For 
simplicity, we will make from now on the following important assumption: for 
every (H) <E Im , ah the connected components of M( H ) have the same dimension 
and M is second countable. Hence we have: 

(i) For every (H) e Im, Mtm is a G-invariant submanifold of M, and 

(ii) M and M/G are stratified spaces with strata Mrjj\ and M^ H > := Mrjj\/G 
respectively. Their frontier conditions are: 

M {H) c 3M {L) (L) < {H), 
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and correspondingly for M, where (L) -< (H) means that L is conjugate to 
a proper subgroup of H. Since -< defines a partial ordering in Im we say 
that the frontier conditions of the stratification of M/G are induced by the 
isotropy lattice Im- 

Remark 2.1. If one allows the connected components of the orbit type manifolds 
to have different dimensions, then one needs to work in the larger category of E- 
manifolds and E-decompositions. A E-manifold is a countable topological sum of 
connected smooth manifolds having possibly different dimensions (see |17| for more 
details). However, our results on the stratified nature of the studied quotient spaces 
remain valid. 

2.2. Reduction of Contact Manifolds. Recall that a contact structure on a 
smooth (2n + l)-dimensional manifold C is a codimension one smooth distribution 
TL C TC maximally non-integrable in the sense that it is locally given by the kernel 
of a one- form r\ with r\ A {drj) n ^ 0. Such an -q is called a (local) contact form. 
Any two proportional contact forms define the same contact structure. A contact 
structure which is the kernel of a global contact form is called exact. In the case of 
exact contact manifolds, drj has rank n implying the existence of the Reeb vector 
field R uniquely defined by 

iRdri = and i](R) = 1. 

In the following we will consider only exact orientable contact manifolds. 

When studying the geometry of the singular reduced spaces of cosphere bundles 
one needs the notions of coisotropic and isotropic submanifolds in the contact con- 
text. Any integral submanifold A of TC has the property that its tangent space 
at every point is an isotropic subspace of the symplectic vector space (ker r] x ,dr) x ) 
and that's why, sometimes, they are also called isotropic submanifolds. In partic- 
ular, dim A < n; if dim A = n, then N is called a Legendrian submanifold. A 
submanifold A of the contact manifold (C, rj, R) is coisotropic if for any x G A the 
subspace T X N n ker^ is coisotropic in the symplectic vector space (ker rj x ,dr] x ). 

A group G is said to act by contactomorphisms on a contact manifold if it pre- 
serves the contact structure Tl. For an exact contact manifold (C,rj), this means 
that g*i] = fgt] for a smooth, real- valued, nowhere zero function f g . G acts by 
strong contactomorphisms on C, if g*rj = r), i.e. G preserves the contact form, 
not only the contact structure. A G-action by strong contactomorphisms on (C,ry) 
admits an equivariant momentum map J : A — > g* given by evaluating the contact 
form on the infinitesimal generators of the action: (J(x),£) :— -q(£c)(x)- Note the 
main difference with respect to the symplectic case: any action by strong contac- 
tomorphisms is automatically Hamiltonian. Note also that orbits which lie in the 
zero level set of the contact momentum map are examples of isotropic submanifolds. 
For more details on contact manifolds and their associated momentum maps see 
0, 0, and [inj. 

Reduction theory for co-oriented contact manifolds in the singular context was 
introduced by Willett in [TQ. We now review briefly this construction at zero 
momentum, since it will be used in our next refinement to the cosphere bundle 
case. Let G be a group that acts by strong contactomorphisms on an exact contact 
manifold (C,rj). By the definition of the momentum map, its zero level set is a 
G-space. The contact quotient (reduced space) of C at zero momentum is defined 
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as 

Co := J-\0)/G. 

Note that, as in the symplectic case, this quotient is in general a singular space. 

Theorem 2.1. Let {C,n) be an exact contact manifold and G a Lie group acting 
properly on C by strong contactomorphisms. Then for every stabilizer subgroup H 
of G the set 

C ] := (J-H0))(B)/G = (C(ff) n j-\o))/g 
is a smooth manifold and the partition of the contact quotient 

Co := (J- x (0)) /G 

into these manifolds is a stratification with frontier condition induced by the partial 

( H\ 

order of Moreover, there is a reduced exact contact structure on Cq 

generated by the one-form 7]q characterized by 

IH) (H) ~ 
n G Vo = HH)11, 

where itq^ : (J -1 (()))(#-) — * Cq 11 ^ is the projection on the orbit space and itm '■ 
(J -1 (0))(#) ^ C is the inclusion. 

In what follows this stratification will be referred to as the contact stratification 
of C . 

3. Regular cosphere bundle reduction 

Cosphere bundles are the odd dimensional analogs of cotangent bundles in con- 
tact geometry. In the following, we will briefly recall their construction and their 
equivariant regular contact reduction, referring to |S] and |18| for more details. 

Let Q be a rt-dimensional manifold and 8 the Liouville one- form on T*Q, defined 
by 0{X Px ) = {p x ,T Psc TX Px ) 7 where p x G T*Q, X g T Px (T*Q), and r : T*Q -> Q is 
the canonical projection. Let $ : G x Q — > Q be an action of G on Q. Denote by 

$,:Gx T*Q -> T*Q 

its natural (left) lift to the cotangent bundle. Consider the action of the multiplica- 
tive group K_|_ by dilations on the fibers of T*Q \ {Qt'q}- 

Definition 3.1. The cosphere bundle S*Q of Q is the quotient manifold (T*Q \ 
{0 T . Q })/M+. 

Let 7r + : T*Q \ {Ot'q} — * S*Q and k : [a q ] € S*Q i-> q € Q be the canoni- 
cal projections. Denote by [a q ] the elements of the cosphere bundle. Of course, 
(n + ,R + ,T*Q \ {0 T 'q}, S*Q) is a R + -principal bundle. Also, we will use the ir + 
notation for any R + projection. The exact contact structure of S*Q is given by 
the kernel of any one form 6 a satisfying 9 a = a*Q for a : S*Q — > T*Q \ {Ot'q} a 
global section. Such a always exists and, even more, the set of global sections of 
this principal bundle is in bijective correspondence with the set of C°° functions 
f:T*Q\ {Ot-q} -> M+ satisfying 

fa{ra q ) = -f a (a q ), r £ R+, a q £ T*Q \ {0 t «q}- 
(See jS] for details). 
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Remark 3.1. 1. Let C(S*Q) = S*Q x R + be the symplectic cone over S*Q, en- 
dowed with the symplectic form d(tda-)- Then one can easily see that T a : C(S*Q) — > 
T*Q given by T a ([a q ],t) — tf cr (a q )a q is a well defined symplectic diffeomorphism, 
that is, a symplectomorphism. 

2. If Q is zero-dimensional, we set, by convention, S*Q = 0. 

The action $ lifts to the cosphere bundle yielding a proper action 

*.:Gx S*Q -> S*<5, $.fo,[a,]) = [*.(s,a,)] 

by contactomorphisms with all scale factors positive. In |10j it has been proved that 
for any proper action which preserves an exact contact structure, there exists a G- 
invariant contact form. As every contact form on the cosphere bundle is obtained 
via a global section as above, we shall chose once and for all a section a for which 
($*(,) *0 a = 9 a . Relative to this contact form the induced action on the cosphere 
bundle is by strong contactomorphisms. The associated momentum map, which 
depends on the section a, will be denoted J for simplicity, since in what follows 
no other contact form different from B a will be used. As above, the exact contact 
structure of S*(Q/G) can be described as the kernel of a global contact form of 
type Os, where 

Z:S*(Q/G)^T*(Q/G)\{0 T , {Q/G) } 

is a global section, and is the Liouville one- form of T*(Q/G). 

Regular reduction of cosphere bundles was done in 0. Its main result at zero 
momentum is 

Theorem 3.1. Let G be a finite dimensional Lie group acting freely and properly 
on a differ entiable manifold Q. Then (S*Q)q, the reduced space at the regular value 
zero of the cosphere bundle of Q, is contact diffeomorphic to the cosphere bundle 
S*(Q/G). 

In the remainder of this paper, we will generalize this result to non-free ac- 
tions, within the framework of stratified spaces, relating our results to the contact 
stratification defined in Theorem l2.ll 

4. The decomposition of J~ 1 (0) 

The geometric study of the contact reduced space (S*Q)o passes through the 
analysis of the level set J _1 (0) and, in particular, of its isotropy lattice ij-i(o)- We 
shall use the fact that both the cosphere bundle S*Q and the lifted action of G on 
it are completely determined by the differential structure of Q and its supported 
67-action. This will allow us to obtain our first main result, Proposition 14. II which 
describes this isotropy lattice, and hence the topology of the contact stratification of 
(S*Q)o, in terms of the isotropy lattice of Q without those elements corresponding 
to zero dimensional orbit types. Also, as a preliminary result, and a "building 
block" for the general construction, we state an intermediary cosphere reduction 
result, Theorem 14. II which applies to base manifolds Q on which the group action 
is not free but exhibits a single orbit type, that is, Lq consists of only one element. 

Lemma 4.1. The isotropy lattice of the cosphere bundle coincides with the isotropy 
lattice of the cotangent bundle without the zero section 
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Proof. It is enough to show that G a = G\ a ] for any a q € T*Q \ {Ot*q}- Thus let 
g £ G[ Q ]. This implies that g[a q ] = [ga q ] — [a q ] ga q — ra q for r > 0. Since 

the action of G on Q is proper, there is a G-invariant Riemannian metric on Q and 
hence ||<?a 9 || = ||a g || = r||a g ||. It follows that r = 1 and G\ a i C G Q<! . The other 
inclusion being obvious, the proof is now complete. □ 

Remark 4.1. We will write J c t : T*Q — > g* for the canonical momentum map 
for the cotangent-lifted action of G on T*Q endowed with the canonical symplectic 
form. As J _1 (0) = 7r + (J c 7 x (0) \ {0 t *q}) note that 

(J _1 (o))(l) - ((^'(o))^) \ [(^'(o))^) n {(WO 

since (J^HO) \ {0t«q}) ( l) = (J ct 1 (0)) (L) \ [(J^O))^) D {0 T , Q }]. 

The following theorem is an immediate consequence of Theorems 13.11 and 12.11 

Theorem 4.1. Let G be a finite dimensional Lie group acting properly on the 
differentiate manifold Q such that all the points in Q have stabilizers conjugate 
to some K [that is, Q — Q(k))- Then J _1 (0) is a submanifold of {S*Q)(k) and 
(S*Q)o, the reduced space at zero, is contact- diffeomorphic to S*(Q/G) . 

In the following proposition we give the decomposition of J -1 (0) and show how 
the topology of the contact quotient at zero is completely determined by the isotropy 
lattice of Q. For that, we will use the following partition of T*Q. We fix once and for 
all a G-invariant Riemannian metric on Q. Then, for any (H) £ Iq, the restriction 
of TQ to the embedded submanifold Q(h) can be decomposed as the Whitney sum 
T Q {H) Q = T Q(H) © NQ( H ), where, for every q £ Q (H) , N q Q [H) = T q Qf H)) . Note 
that each of the elements of the Whitney sum are G-invariant vector bundles over 
Qmy Dualizing this splitting over each orbit type submanifold in Q, we obtain the 
following G-invariant partition of T*Q: 

T*Q= \\ T*Q (H) ®N*Q (H) . 
(H)ei Q 

Now, the restriction of this partition to T*Q\{0t*q} and afterwards its quotient 
by the action of R+, induces a G-invariant partition of S*Q. 

Let Iq denote the isotropy lattice of Q without those elements corresponding to 
orbit type manifolds (H) for which the orbits of the restricted G-action have the 
same dimension as Q(m- At this moment, we will need some results on cotangent- 
lifted actions, which were proved in |16|. 

Lemma 4.2. If G acts on Q and on T*Q by cotangent lifts with momentum map 
J ct : T*Q g*. Let (L), (H) £ Iq be arbitrary. 

(i) {N*Q^h))(h) *s the zero section of N*Q^)- 

(ii) Let J c t(H) denote the canonical momentum map on T*Q^^ associated to 
the lift of the action on Q(h) obtained by restriction from Q. Then 

(4.1) (J C 7 1 (0)) W =J C ^ ) (0) [J ( J c^)(0)x(A*Q (H) ) (i) ) 

(H)y(L) 

(iii) // (L) £ (H), then (N*Q {H) ) (L) ^ if and only if (H) y (L). 
Proposition 4.1. Suppose G acts properly on the manifold Q. Then we have: 
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(i) For q £ Q(h) such that G q = H and (F) £ Is*Q, 

(J- X (0)) (i ) n S* q Q ? (F) £ Iq and ((H) S I* Q or{L) ■< (H)) ; 

(ii) (F) e Ij-x(o) (L) G Fg ant! hence C ( Q L) ^ (F) £ I Q <^ 
dimQW > 1; 

(iii) T/ie cosphere bundle projection k restricts to the G-equivariant continuous 
surjection k(L) : (>/ _1 (0))(l) — > Q(L) which is also an open map; 

(iv) For a /ixed oroii type (F) m i/ie zero momentum level set of the lifted G- 
action to S*Q the corresponding orbit type submanifold admits the following 
G-invariant partition: 

(4.2) (J- 1 (0))( i )=J ( L 1 ) (0) I] ^(^,(0)x(iV*Q (fl) )J, 
where (H) £ Ig; 

(v) For every (H) y (F) twi/i (F) € Fg and (Ff) S Fg i/ie restrictions 
t (L) := fc(L)|^ ( o) «^ Ww := ^)l + ( J:t ; fl) („ )x(A r. Q(fl))(i) ) 

are G-equivariant smooth surjective submersions onto Q(l) an d Q(H) re- 
spectively. The mappings J c t(H) an d J(H) denote the momentum maps of 
the restricted actions of G to T*Qrm and S*Q^h) respectively (which are 
the same as the canonical momentum maps for the restricted G-action on 
Q{H))- 

Proof. To prove (i), let (F) £ Fs*g and q £ Q(h) with G q = H. Then 

(4.3) (J*(P))W n = ( S f )* ® ( N :Q{H))(L), 

where is the linear slice for the G-action on Q^){see section 3 of ^S])- Since 
(J-^O))^) n S*Q = (J^(0)) {L) n T*Q = {0}, then (J- 1 (o)) (L) n S*Q = 
only when (S^)* and (N*Q^ H -j)^ are simultaneously zero. This amounts to 
(F) = (H) £ Iq\Iq, (see Lemma T4.2JI from where the result follows. 

(ii) is a forward consequence of (i). The rest of this statement and the G- 
equivariant continuous surjectivity of k/L) are direct consequences of the fact that 
Iq = Ij-x, Q y To prove the openness of fc(£) it suffices to observe that for any open 

subset U of (J- 1 (0)) (L) , k (L) {U) = t [l) {-k- x {U)), where r (i) : (J c ^(0)) (i) -» 
is the open canonical cotangent projection map. 

Applying (|4.1(l and the fact that (N*Qtm)(L) does not contain the zero section 
when (H) ^ (F) we have 

(^ 1 (0)\{0 T ,g}) (L) = (j ct( 1 L) (0))\{0 T ,Q (i) } ]J [ J C ^)(°)X(^Q(«))(L) ■ 

(H)y(L) 

Hence, applying 7r + to this relation, we get 

(J- 1 (0)) (L) = J ( - l j(Q) [] 7r + (j- ( 1 ^ ) (Q)x((iV*Q (ff) ) Ci) ) 

which proves statement (iv). 

As for the proof of (v), it is enough to notice that 

J- L )(0) and vr+ (7-^(0) x (N*Q (H) \ L) ) 
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arc bundles over Q(l) and Q(h) respectively. □ 

Remark 4.2. Notice that for the description of orbit types in J _1 (0), we need 
not only Iq, but also the lattice Iq since each J _1 (0)(l) is written as a union with 
index (H) in Iq, but (L) belongs to Iq. 

5. Topology and contact geometry of C 
5.1. The secondary decomposition of Cq . Define the fiber bundles: 

s (H)y(L) ■= J ct(H)(°) x ( N *Q(H))(L) -> Q(H) 
S (L) ■= Jct(L)(°) -* Q(L)- 

Taking into account that TT+(s(H)y(L)) are G-invariant pieces of the partition 1|4.2(1 
of (J _1 (0)W) and that the actions of G and R + commute, we can define: 



CS, 



(H)y(L) 



7r +( s (H)y(L)) 



G 

rr V)(0) _ ^+ (*(L) \ {0T.Q (L) }) ^ / Q(L 

cc {L) ._ ~ s {— 

Notice that for the above equivalence we have applied Theorem 14 . 1 1 and that each 
contact stratum admits the following partition, which is the quotient of l|4.2[) : 

(5-1) 4 L) - (J { ^ ){L) =CC {L) ]\ CS [H)HL) 

(H)HL) 

l\ TT n 

G 



(H)y(L) 



Remark 5.1. In the notations of the previous section, the maps t(L)i an d 

t(H)y(L) descend to 

fcW : C< L > - p, : CC7 (i) -> Q (L) , and : CS (H)HL) - Q W ; 

fc^J is an open continuous surjection and the other two are smooth surjective 
submersions. 

Theorem 5.1. With the above notations, we obtain the following: 

(i) Q( L ' is a stratified space with strata Q^ H \ for all (L) =4 (H) and with 
frontier condition given by 



Q {K) n QW ^ (H) 4 (K). 



Moreover, is open and dense in . 

(ii) For every (L) £ Iq and (H) S Iq, the partition l|5.1|) is a stratification of 

the corresponding contact stratum Cq , called the secondary stratification. 
The frontier conditions are given by: 

CS (H)HL) C dCC (L) for all (H) y (L); 
CS (H , )HL) C dCS [H)HL) <=► (H 1 ) y (H) y (L). 
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Moreover, the piece CC/n is diffeomorphic to S*Q^ L \ is open and dense 
in Cq , and the map k^ is a surjective submersion of stratified spaces. 

Proof. Since the G-action is proper, the orbit type decomposition of Q induces a 
stratification of Q/G and the first part of the theorem follows immediately consid- 
ering the relative topology of Q( L ) in Q/G. Also, l|5.1l) is a locally finite partition 
and its pieces are obviously submanifolds of Cq . As k^ is a continuous map and 
(feW) -1 (QW) = CC {L) , it follows that CC [L) is open in C ( Q L} . In order to prove 
the density, let x £ and U be any open neighborhood of x. Hence, V = k^ L \U) 
is an open subset of and, since Q^ L > is dense in Q^ L \ there is at least one ele- 
ment y £ V n Q {L) . Notice that = (? L) )~ 1 (2/) C GG (L) and that there 
is at least an element in {t^ L ')~ x {y) which is in U. This means that U flCQi) ^ 
which proves the density of CC^ . 

Using the density of CCij^, the first frontier condition for the secondary strat- 
ification becomes obvious. For the second one, consider in an arbitrary open 
neighborhood U of a point x £ CSiH')y(L)- By the openness property of k^ L \ we 
obtain that O = k^{U) is an open neighborhood of k^ L \x) in Q^ L \ Applying (i), 
we have that On ^ <^=> (H') y (H) y (L). Furthermore, the surjectivity 
of ? H )K£) implies (^ H >^)- X {z) n U ^ for any z £ O n proving that 

cs {w)HL) c dcs (B)HL) ^ (ff') >- (ff) >- (l). 

As A;^) restricted to each piece of the secondary decomposition is surjective, 
Remark 15 1 II immediately implies that this map is a stratified surjective submersion. 

□ 



We will refer to the strata of the form CS(^H)i~(L) as contact seams due to their 
stitching role that will be explained later in Remark 15.31 

This theorem completes the topological description of each contact stratum Cq 
in terms of its secondary stratification. We shall now begin the investigation of 
geometrical aspects, namely to what extent the strata of this secondary stratifica- 
tion admit canonical contact structures in the sense that the 1-forms generating 
them are induced by some cosphere bundle structures compatible with the reduced 
contact form on the contact stratum. Thus, denote by 

¥ H 1 : CC (H) -> {S*Q {H) ,<d { " } ) 

the bundle morphism given by Theorem 14. II where 0^ ^ s a contact form on the 
cosphere bundle of Q^ H \ Observe that the restricted projection onto the first factor 

Pi(ff)H^) : ( J ci)(°) \ {Ot-q (h) }) x {N*Q {H) \ L) - J-^O) \ {0 T * Q(fl) } 
is R+ and G-equivariant so it descends to the surjective submersion 

p(H)y L . cS° H)y{L} -> CC( H ), 

where 

^+ \ {°T'Q (H) } X (N*Q (H) ) (L) 



cs, 



(H)y(L) — G 
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is an open and dense submanifold of the contact seam CSrmy(L)- Then, for any 
pair (H) y (L), we have the following bundle map covering the identity on 

which is also a surjective submersion. We are now able to endow each cosphere-like 
stratum CC(h) and each CS° H ^ y ^ L j with 1-forms given by: 

(5.2) (cC w ,Tj w :=(*WreW) 



and 



(5-3) (cS° (H)HL) ,r, {H)HL) := ^XDyeg >) . 

It is impossible to induce in this way a 1-form on the whole piece CS^H)y(L) an d 
hence we are forced to restrict ourselves, for the time being, to CS? H ^, L y However, 
we will show later how to extend this form to the whole CS^^^y 

Theorem 12.11 gives the existence of an abstractly defined contact structure on 
each contact piece Cq L ^ generated by a 1-form a Q L \ One of the aims of this 
section is to investigate the compatibility of the previously defined forms t](h) and 
7 l(H)y(L) with the reduced contact form qJq^ and to describe as much as possible 
this abstract contact structure. 

Theorem 5.2. The strata CC^ and CS° H ^ y ^ within the contact stratum Cq 
satisfy the following properties: 

(i) (CC(£), iJ(L)) * s an open dense contact submanifold of the contact stratum 
C ( L) contactomorphic to {S*{Q^) 1 Q { ^ ) ). 

(ii) Using the above notations, the conformal classes ofn^ and r\(H)y{L) admit 

smooth extensions to equivalent to a \^\ namely 

a i L )\ ~ j a ( L )\ ~ 

e °o Iccn-IM and 9 °o \cs^ (L) -^H)y(L)- 

The extension of ^l) is unique. 

(iii) The conformal class of rj^H)y(L) can be smoothly and uniquely extended to 
the whole stratum CS^H)y-(L)- If (H) <E Iq then CS^H)y(L) is a coisotropic 
submanifold of the contact stratum C^ L \ When (H) G Iq\Iq then CS^H)y(L) 
is a Legendrian submanifold of the contact stratum . 

Proof, (i) is a simple consequence of Theorem 14.11 

For (ii), let (L) and (H) be two fixed elements of Iq and Iq respectively and 

i\^^^ : CS? H \y, L *. — > Cq L ^ the inclusion map. By definition, 
^o L) \cs^ H) y(L)-^(H)>'(L) 3/>0 in C°° (CS (H) y (L) ) such that 

To simplify the reading of the proof, consider the two figures^and[21where tt^ 1 ^^ 

( H ) 

and tt g denote the canonical G-projections and all the horizontal arrows in the 



first and second diagram are injections and projections respectively. 
As -k^q^^ o 7r + is a submersion, it suffices to prove that 

(5.4) o o vr + yejp * o tt^^w c n+ )* e (f ). 
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7T+ 



^(H)(0) \ {Ot«q (h) } x (N*Q {H) ) {L) ( HH) ^ L \j^{0) \ {0 T -g}) (L) C^r*Q\{0 T . Q } 

7T_j_ 7T_[_ 7T_|_ 

(^(h)(0)\{0t.q to } x (iV*Q ( H)) W ) f lmHL > (J- 1 (0)) W C — ^S*Q 



W G 



C ' 5 '( H)^(L) C 



S*Q (H) 



.(H))-(L) 



,(£) 



FIGURE 1. Diagram defining 



(^ C h)(0)\{0t.q to } x (N*Q m ) (L) ) Pl -^^l J-^(O) \{0t.q (jo } 



7T+ 



G 



Figure 2. Diagram defining rfrmwn 



- S*Q^ 



Observe that i^^^ L ' o ir 1 ^^^ o 7r + = 7r^' o 7r + o i(jj)y(L) and the first term of 



(15.41) becomes 



(*"G } 7T+ HH)y(L) )*0 a [ L) = i*H)>(L) ° * + ((^G )*^0 ) 
= ^(H)y(L) ° <- (*(L)^ ) = (tt+ o j (J?) o $ )*6» ., 

where in the last line we have used Theorem 12.11 together with the equality 7r + 
j(H) o $ = i(L) 7T+ iiH)y(L)) with and $ inclusions defined by: 



4> 



^(H)(0)\{0T.Q m } x (iV*Q (H) ) (i) j ^T*Q| Q(H) \{0 T , Qm } 



and 



: T*Q\ Qm \ {0 T . Qm }^T*Q\ {0 T , Q }. 
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Using tins time ir G o ir + ° Pi(h)>~(l) = Pi o w G o tt + , we can write the 

second term of Ij5.4(l as: 

where 6» (H)S is a contact form on S*Q( H y Let p (H) : T*Q| Q(ff) \ {0 t *q (h) } -> 
T*Q(h) be the projection map. Since o 7r + o = 1"+ ° P(H) ° the 

second term is in the same conformal class as ^*P* h ^+0(h)i: and, hence, equation 
(|5.4() is equivalent to 

where and are the canonical one- forms on T*Q and T*Q^) respectively, 
and cr, S are sections in the associated cosphere bundles. But p*r H ^Q{H) = 3?h)@> as 
it can be easily seen in local coordinates, which proves (|5.4|l . 

As for the extension of the conformal class of ?7(l), an analogous proof can be 
developed just by considering the limit case (H) = (L), when CS'/'m^ /n degen- 
erates in CC/n. In order to prove the uniqueness of this extension, let us con- 
sider a point x G Cq L ^ and one tangent vector v x G T x Cq L \ As CCVn is open 
and dense in Cq L \ there is a sequence of points Xk G CCns and one of vectors 
v Xk G T Xk CC {L) ~ T Xk C { L) such that 



lim Xfe = a;, lim 

— >oo A: — >oo 



From the above arguments and using the continuity of > we have that 

lim M^lfcj = Urn ^(* fc )(«wJ = U £) (*)(«b), 

with g G C°°(CC(i)) a positive function such that 77^) = ff^o-o |c?c " ^ e nave 
thus proved that the class of # (T q L ' ) is the unique smooth extension of the class of 

v(L) to e£ L) . 

(hi) To extend the class of rnn)y(L) from CS° H ^ y ^ to the whole piece CS^H)y(L), 
we will apply the same type of arguments as before, using this time that CS° H j y ^ 
is open and dense in CS^)y(L)- Namely, for any point x G CS/my(L) an d any 
v x G T w CS(H-)y(j^, there is a sequence of points Xk G CS? H \ y , L \ and one of vectors 
«i t G T xk CS °H)y(L) ~ T xk CS (H)y(L) such that 

lim x/c = x, lim w Xfc = u x . 

A: — >oo — >oo 

Observe that 

iun ^f x f v ^ =e^\x) M 

and notice that this extension is also unique and given by the conformal class of 

n (L)\ 

To check the coisotropy and Legendrian submanifold conditions, let x G (75?m^m ■ 
A direct count of dimensions gives: 

dimkerfl^C 35 ) = dimC^ - 1 = 2(di m g (L) - dimG + dimi - 1) 
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since S*Q( L ^ is open in the corresponding contact stratum. At this point we need 
the following intermediate result. 

Lemma 5.1. The dimension of the tangent space to a contact seam is 

(5.5) d.unT x CS^[j))~(L) = dim Qih) + dim(3(L) — 2 dimG + dim H + dimi — 1. 

Proof. We want to compute dim.T x CS(H)y(L) = dimC5(jjw(j,). For this, let 
7r(z) = k°(x) be the base point of x, where z G Q(H) with G z = H and note 
that dim CS^fj)y{L) — dim(J ( ^ 1 (0) n T*Q)^ + dimQ^) — dimG + dimL — 1. 
Where the class (L) refers to the linear iJ-action on the vector space J ( ^ 1 (0)nT*Q. 
On the other hand, the inverse of the Riemannian bundle isomorphism TQ — > T*Q 
maps (./^(O) H T*Q)^ if-equivariantly isomorphically to (S^W)- Now, if tjj, 
U, and U' are like in the Tube Theorem (|2.2p . then ip restricts to a diffeomor- 
phism between G x H ((S^l) (lU) and U n Q(l)- Since dimG x# (<S'z)(l) = 
dimG + dim(S' z )( i ) — dim_ff, we can compute 

dim(S' 2 )(L) — dim Q(l) — dimG + dim H. 

Finally we obtain dim.T x C S(H)y(L) = dimQ(H) + dimQm — 2dimG + dimi? + 
dimi-1. □ 

Consequently, a simple dimension count gives 

dimT x CS(H)y(L) — ^ dim kerflop (a;) = dimQ(#) — dimG + dimi? 

= dim(5 z )( H ) > 0, 

where z G Q(h) is the base point of x and S z is the associated linear slice. Sup- 
pose first that (H) G Iq and so dim T x CS(u)y{L) — \ dim ker BJq (x) ^ 0. This 
implies that CS° H ^ y ^ and CS^j^^ can be neither isotropic nor Legendrian 

submanifolds of and that T x CS? H ^ y , L \ ^ ker9 a Q L \x) for any x e CS° H ^ y ^ L y 
Now let 

:= T X CS° (H)HL) n ker^O) - T a; GS (J? )^ (L ) n kerfl^s) 

and 

V x := G r,G5 ( ff) ^ (L) \ ker^ L) (x) : v = v fci2(a;), fc € R ,« e kerfl^O)} . 
One can easily check that 14 is a one dimensional vector space and that for any x £ 
CS °H)y(L)' we nave T x CS °H)y{L) = W X ® V x . As $( ff )^( L ) is a surjective submer- 
sion and el L) \ r , QO ~ V(H)y(D, it follows that T^^H^my = kerO^fy) 

and T x *( i3 ')^W(V r a: )= span where y = #WK£)(a;) and i? s (y) is the 

Reeb vector field of (S*Q ( - H \e { " ) ). Therefore, we obtain 
Ya,ukd,T]( H) y( L) (x)\ Wic = dimVFr - dimkerd?7( ff )^( L )(a;)|v Vx 

= dimW x - dim{u G W x : dQ { " } (y){T x & H)y< > L) v, T x ^ [H)yi - L) w) = 0,Vw G W x } 

= dimW x - dimkerT^*^^^^ = dimS*Q (ff) - 1. 

This shows that rankdr]^H)y(L)( x )\ w = 2dimPF — (dimC^ — 1) proving that 
CS?ff)yfL) is a coisotropic submanifold. Since CS? H ^y, L ^ is dense in CS^H)y(L)i by 
an extension argument similar to the one used before, we have that CS/my(L) i s 
also a coisotropic submanifold of the corresponding contact stratum. 
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If (H) G Iq \ Iq, then dim T x CS(h)>-(l) — ;> dim ker # CT g (x) and by the defini- 
tion (|5.3|1 ?7(h)^(l) = since S*Q^ is the trivial bundle, proving thus that the 
CS^)y(L) is a Legendrian submanifold of Cq L \ □ 

Remark 5.2. Note that the contact seams CS^H)y(L) can never be contact sub- 
manifolds of Cq L \ 

5.2. The C-L stratification of Co- In this subsection we prove the existence of 
a new stratification of the contact reduced space Co, different from the contact 
stratification in Theorem 12. II The existence of this new stratification, that we call 
the C-L stratification since its strata are coisotropic or Legendrian submanifolds of 
the corresponding contact stratum, is due to the bundle structure of the contact 
manifold that we start with. We will see that the C-L stratification is strictly finer 
than the contact one, if the base manifold Q has more than one orbit type. In 
principle, this is not an advantage since the contact stratification partitions the 
singular contact quotient in less and larger smooth components. However, if we 
take into account the bundle structure of the problem we can see why this new 
stratification is more appropriate. 

The most important feature of regular cosphere bundle reduction, Theorem 13. II 
is that if we start with the cosphere bundle of a manifold Q, we end up again 
with a cosphere bundle, this time over Q/G. Furthermore, the reduced contact 
structure on S*(Q/G) equals the canonical cosphere contact structure. In the 
singular setting however, the lack of smoothness of the quotient spaces involved 
forces us to choose another definition of fibration. The most natural one when 
working with decomposed or stratified spaces is the following: if A and B are 
decomposed spaces together with a continuous surjection / : A — ► B, we say that 
/ : A — > B defines a stratified bundle over B if / is a morphism of decomposed 
spaces. In our case, there is a natural projection fc° : Co — > Q/G induced from the 
cosphere bundle projection k : S*Q — ► Q. If we consider the natural orbit type 
stratification of Q/G and the contact one of Co, then the projection does not define 
a stratified bundle over Q/G since the image of a contact stratum C^ under the 
projection is Q( L ) which includes several orbit type strata of Q/G. We will prove 
that the choice of the coisotropic stratification for the contact quotient Co solves 
this problem. 

Consider the partition of Co obtained by putting together all the secondary strata 
found in every contact stratum: 

(5.6) C = []CC (L) ]\ CS {K , )HK) 

(L) (K')y(K) 

for every pair of classes (L), (K) e Iq and every (K') E Iq. 

Theorem 5.3. The partition (15.6(1 is a decomposition of Co inducing a stratifica- 
tion, called the C-L stratification, that satisfies the following properties: 

(1) If Q/G is connected and (Lo) is the principal orbit type in Q, then CC(i ) 
is open and dense in Cq . 

(2) k° : Co — > Q/G is a stratified bundle with respect to the C-L stratification 
of Cq and the orbit type stratification of Q/G. 

(3) If Iq consists of more than one class, the C-L stratification is strictly finer 
than the contact one, and they are identical otherwise. 
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(4) The frontier conditions for the C-L stratification of Co are: 

(i) CC [K) C dCC (H) (H) (K) 

(ii) CS (K)HH) c 8CC {H) (H) -< (X) 

(iii) C7 (J0 c dCS (K)HH) (H) -< (X) 

(iv) cs {K , )Hm c acs (K)HH) <=► (jt) -< (^) -< (#') 

(v) CS {K)HW) C dCS (K)HH) ^ (H) < (H>) -< (X). 

Proof. For (1), recall by Proposition 14.11 that ij-i( ) = /<g- The principal orbit 
type of the isotropy lattice corresponds to an open and dense piece, so (J~ 1 (0))(l o ) 
is open and dense in J _1 (0), since (Lq) is by hypothesis the principal orbit type 
in Iq (assuming that dimQ ^ 0) and hence in Ij-i(py Consequently, as the orbit 

map J _1 (0) — ► Co is continuous and open, Cg L °' ) is open and dense in Co- Now, 
since Cq L °^ is equipped with the relative topology with respect to Co and CC(l ) is 
open and dense in it fTheorem l5.1(l . it follows that CC(l ) is also open and dense in 
Co- For (2), note that the restrictions of k° to CC^p, and CS^)y(L) coincide with 
the corresponding restrictions of k^ L \ which, by Remark l5.ll are smooth surjective 
submersions over Q' L ' and respectively for every (L) G Iq and (H) G Iq. This 
shows that these restrictions map each C-L stratum of Co to an orbit type stratum 
of Q/G. Therefore, fc° is a morphism of stratified spaces. To prove (3), recall from 
Theorem l4.ll that if Iq consists of a single orbit type (H), then Co = Cq H ~* — CCijj) 
(assuming dim Q ^ 0) and its contact and C-L stratifications are both trivial and 
identical. If there is more than one orbit type in the base, the number of C-L strata 
is strictly higher than the number of contact strata (which is equal to the number 
of orbit types of Iq). The identity map in Co injects each C-L stratum in the unique 
contact stratum to which it belongs and is hence a morphism of stratified spaces. 
Therefore, the C-L stratification is finer than the contact one. For (4), relations 
(ii) and (iv) follow from the frontier conditions of the secondary stratum Cq .To 
prove (£), it suffices to recall from the general theory of singular contact reduction 
that Cq C OCq 11 ^ if and only if (H) -< (K). Using the density of any maximal 
secondary stratum GGm in the corresponding contact piece Cq L \ (i) follows, (iii) 
is a consequence of (v) if one considers the limit case CC(k) = GS^K)y(K)- 

Finally, to prove (v), choose a point [a;] G CS(K)>~{H') C Co and an open neighbor- 
hood [x] G O C C . We shall show that O n CS {K)HH) ^ if (H) -< (H') -< (K). 
Let x G J _1 (0) be a preimage of [x]. We can assume without loss of generality 
that G x — H' and that the projection of x, i.e. the point z = k(x) G Q, satisfies 
G z = K. Let U be the only open G-saturated set in J _1 (0) such that U/G = O. 
Then, identifying S*Q with the unit bundle in T*Q via a G-invariant metric on Q, 
we have that a; is a unit covector lying in the subset of the cotangent fiber at z given 
by (S^)* © (N*QfK))(H')- By the general properties of linear representations of 
compact groups on vector spaces and the property (iii) of cotangent-lifted actions 
in Lemma f4. 21 it follows that p%(U fl T*Q) n (N*Q/k))(H) 7^ f° r every compact 
subgroup H of K such that H -< H' and (N*Q^)^ ^ 0, i.e., (H) G Iq. Here, 
P2 is the linear projection (S^)* © N*Q^) ^ ^*Q(K)- From this, it follows that 
if x' &p 2 (UnT*Q))n(N*Q iK) ) {H) , then [x'] eOnCS {K)HH) . □ 

Remark 5.3. The previous result shows that, identifying a stratum CC^h) with 
S*Q(h) as shown in Theorem 15.21 the reduced space Co is almost everywhere a 
collection of cosphere bundles, one for each orbit type stratum of positive dimension 
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in Q/G. These cosphere bundles satisfy the same frontier conditions as their bases, 
i.e., S*Q^ C dS*Q < - H ^ if and only if C dQ^ (condition (i)), but in this case 
there is always a contact seam CStx)y(H) between them, which "glues together" 
these two cosphere bundles, as reflected in conditions (ii) and (iii). 

6. Singular actions on the base with regular lifts to the cosphere 

BUNDLE 

In the following definition we introduce a class of actions which may have singu- 
larities on Q but that will be proven to yield regular lifted actions on S*Q. 

Definition 6.1. An almost semifree action of G on Q is a smooth action such 
that a) it is free almost everywhere, b) the connected components of every orbit of 
non-maximal dimension are isolated, and c) for every non-trivial isotropy subgroup 
H G Iq with Lie algebra (), its induced adjoint representation on (fl/f)) \ {0} given 
by h ■ [£] = [Ad/j £] is free. 

Note that for any almost semifree action, the quotient space Q/G consists on an 
open and dense stratum Q^ e \ except possibly for a set of isolated singular points. 
The next proposition shows that the class of almost semifree actions is in one-to-one 
correspondence with the class of free actions on S*Q. 

Proposition 6.1. Let S*Q be the cosphere bundle of Q endowed with the lift of a 
proper action of a Lie group G on Q. This lifted action is free if and only if the 
action on Q is almost semifree. 

Proof. Recall that, identifying with the help of a G-invariant Ricmannian metric 
S*Q with the unit bundle SQ C TQ and TQ with T*Q, G acts freely on S*Q if 
and only if its tangent-lifted action on TQ is free on the unit bundle, and hence if 
it is free away from the zero section (since by linearity the lifted action intertwines 
the fiber rescaling by non-zero factors). Let q G Q with stabilizer G q = H ^ {e}, 
S C T q Q a linear slice for the G-action at q and v = £,Q(q) + s G T q Q \ {0}. Note 
that all the admissible £'s differ by an clement of the Lie algebra of H . Then 
U = G ■ exp 9 (5) is a G-invariant neighborhood of the orbit G ■ q = G ■ exp 9 (0) and 
there is an iJ-isomorphism / : T q Q — > g/fj x S given by /(£q(</)+s) = ([£] , s), where 
the TJ-invariance is with respect to the linear action on T q Q and the diagonal action 
on g/fj x S given by h ■ ( [£] , s) — ( [Ad/j £] ,h-s). Consequently, G v = H v = H s r\ . 

Suppose first that the lifted action of G on S*Q is free. Then any point q' e 
U \G ■ q can be written as q' — g ■ exp ? (s) for some ^ s e S with g <G G and 
G q ' = gHsg^ 1 = {e}, since G s = H s = {e} as assumed above. Hence the G-action 
on Q is almost semifree. 

For v = £q(<7o) S T qo Q \ {0} with £ e q, £ $ rj we obtain that G v = {e} = H v = 
H[q, thus proving that the induced adjoint representation on (fl/f)) \ {0} is free. 

To prove the converse implication, let v <G T q Q\{0} as before, with v = s+£_Q(q ), 
where s G S and £ G q. If s is different from zero, multiplying it if necessary by 
a positive scalar smaller than one, we can guarantee that G • exp ? (s) C U\G ■ q. 
Shrinking U if necessary, we can guarantee that all of the points in U \ G ■ qo 
have trivial isotropy, since the orbits of non maximal dimension are isolated by 
hypothesis. Using again the Tube Theorem, the isotropy groups of these points are 
gHsg^ 1 — {e}, for every g G G, which forces H s — {e} and hence H v — {e}. In the 
case when s = 0, we have that G v = = {e}, thus completing the proof. □ 
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Remark 6.1. To geometrically express the third condition in Dcfinition l6.il notice 
that every non trivial isotropy subgroup H = G q E Iq acts freely on (g/f)) \ {0} 
if and only if for any element h G H the associated diffeomorphism of Q maps 
bijectively {exp 9 (i£) • q : t S K} to {exp q (t Ad^) ■ q : t e R} for every (€g with 
K] * in fl/f,. 

Notice that this is a major difference with the cotangent bundle case, where the 
cotangent-lifted action is free if and only if the base action is free as well. In the 
context of cosphere bundle reduction the reason for the special interest in semifrcc 
actions and in finding necessary and sufficient conditions for the freeness of the 
lifted cosphere action is the following. Given a cosphere bundle C = S*Q with the 
lift of a proper almost semifree action on Q, if we ignore the bundle structure of 
the contact manifold C we are in the hypothesis of regular contact reduction, since 
G acts freely, properly, and by strong contactomorphisms on C. Therefore, the 
contact reduced space Co is a well defined smooth contact manifold. 

On the other hand, since the action on Q is not free in general, we cannot 
apply the main result on regular cosphere bundle reduction of [5] (see Theorem 
13.1(1 because in that case the quotient Q/G will not be a smooth manifold. In fact, 
one expects Co to be a smooth reduced manifold fibrating continuously over the 
topological stratified space Q/G, but this bundle description cannot be achieved 
by only applying the scheme of regular cosphere bundle reduction. However, the 
results of the previous section will allow us to provide such a "stratified bundle" 
picture of the contact quotient Co- Indeed, we have the following result. 

Theorem 6.1. Let G be a Lie group acting properly and almost semifreely on Q 
and by lifts on the cosphere bundle S*Q with contact momentum map J : S*Q — > g* . 
Write the orbit type decomposition of Q /G as 

q/g = qm [J * (ff) < 

where = Q^/G is open and dense in Q/G and each with (H) £ Iq \ Iq 
is an isolated point of some lower dimensional stratum Q^ H ^ with (H) y (e), lying 
in the boundary of Q^ e \ Then the quotient Co = J _1 (0)/G is a smooth manifold 
which can be decomposed as 

(6.1) C ^S*Q (e) ]J CS (H) 

where each CS 1 -- 11 ^ is a trivial bundle over and a connected submanifold of 
lying in the boundary of S*Q^. Moreover, the manifolds CS^ are Legendrian 
submanifolds of Co in one-to-one correspondence with the singular orbits of the 
G-action on Q and have dimension dimQ — dimG — 1. 

Proof. Since J^ 1 (0) consists of a single orbit type (e), due to the fact that the 
lifted action to S*Q is free, the secondary and C-L stratifications coincide with the 
partition (|6.1|) . As for every (H ) 6 Iq different from (e) we have (H ) € Iq \ Iq, 
the contact seams CS^ := CS^H)y(e) are Legendrian submanifolds of Co- The 
dimension of each connected component is then given by formula (|5.5|) noting that 
dim Q( e ) = dim Q and dim Q^ = dim Q^h) — dim G + dim H = for every (H) £ 
Iq\ Iq, since the action on Q is almost semifree. □ 
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Recall that a group action is called semifree if it is free everywhere except for a set 
of isolated fixed points. Semifree actions are important particular cases of almost 
semifree actions and they are commonly found in examples. The following example 
explicitly illustrates the geometric constructions of this paper in that situation. 
Example: S 1 acting on 5 f *M 2 . Consider Q = R 2 with Euclidean coordinates 
(x\, X2) and its cotangent bundle T*R 2 = I 2 x I 2 with coordinates (x±, X2, Hi, y 2 )- 
The action of S 1 by rotations on R 2 (a semifree action with R 2 (si) = {(0, 0)}) lifts 
to T*R 2 by the induced diagonal action. A Hilbert basis for the ring of ^-invariant 
polynomials for this cotangent lifted action is given by (see 3 , §1.4) 

o-i = x\ + x 2 2 +y\ 

<r 2 = 2{x\U\ + X2I/2), 

0-3 = yl + yl-x\-x 2 2 , 

0-4 = xiy 2 - x 2 yi- 

These polynomials satisfy the semialgebraic relations 

01 >0, a\ = a\ +0-3 +4<t|. 

We can identify the cosphere bundle S*M. 2 with the subset of T*R 2 given by the 
constraint 

01 + cr 3 = 2. 

The cotangent lifted action restricts to 5*R 2 giving the free lifted action by con- 
tactomorphisms. Its associated momentum map is given by 

J(xi,x 2 ,yi,y 2 ) = 0-4 

for (x%, X2, yi, 2/2) S S'*R 2 . Consequently, using invariant theory, the contact re- 
duced space J -1 (0) / S 1 is identified with the semialgebraic variety of R 3 = {a 2 , 0-3, 01} 
defined by 

Co ~ {(ct 2 , 0-3, cti) e R 3 : (7i > 0, a\ = a\ + o- 2 , a x + <r 3 = 2} . 

This contact reduced space is in fact a smooth manifold since it is the parabola 
obtained intersecting the plane P = {<J\ +0-3 = 2} with the upper half of the cone 
a\ = a\ + cr|. Its smooth structure is induced from the ambient space R 3 . This 
was to be expected since the action on the contact manifold S'*R 2 is free. 

However, this reduced space is no longer a cosphere bundle since the action on 
the base is semifree. We investigate now how the stratified bundle structure of 
Co obtained in the previous sections arises here. Note that Q/G = R 2 /^ 1 can be 
identified with the subset of R 3 given by 

Q/G = {(0,-t,t) : t>0}, 

which is a half-open line parallel to the plane P containing Co. According to the 
notation employed in this section, Q/G is a stratified space with strata and 
* = (0,0,0). The continuous fibration fc° : Co — > Q/G is given by k°((T2, 03, 01) 
:(). 1 at, ^ - 1). Note that (fc°) -x (Q (e) ) = L]\R and (fc )-^*) = (0,1,1) (see 
figure EJl, where Co = L]\ -RU{(0, 1, 1)}. In addition, recall that Q (e) ~ R and that 
5*R = RUR. 

So (fc°)- 1 (Q^) = L]\R is diffeomorphic to the cosphere bundle S*Q {e) . The 
fiber over a point (0, — t, i) G Q^ is the pair of points (2\/t, 1 — t,l + t) and 
(— 2\/t, 1 — t, 1 + t) which lie in L and i? respectively. Finally, the point (0, 1, 1), 
the minimum of the parabola Co, is the seam CS^s^)y( e ) lying m the boundary 
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FIGURE 3. The contact reduced space as a parabola fibrating over 
a half-closed line. 



of S*Q {e K Finally, since both Co and S*Q^ e ' are one-dimensional, their contact 
structures are trivial, due to the fact that the corresponding contact distributions 
must be zero-dimensional. 

7. Example: diagonal toral action on R 2 x R 2 

We illustrate the main results obtained in this paper with one more example rich 
enough to show all the extra structure appearing in the cosphere bundle singular 
reduction. This time, the reduced contact space Cq will have dimension bigger than 
one and will have hence a non-trivial contact structure. 

Consider the proper action of G = T 2 on Q = R 2 x R 2 , where each S 1 factor 
acts by rotations on the corresponding R 2 factor. The isotropy lattice for this 
action is shown in Figure 0] where the subconjugation partial order is represented 
by arrows. Also, the corresponding stratification lattice is shown. A stratification 
lattice is a graphical arrangement of all the strata of a stratified space where for 
any two strata A, B with A C B and such that there is no other stratum C with 
the properties A C C and C C B we write A — > B. For the action under study, we 
have/ Q \/^{(T 2 )}. 

Let (a;, y) = (x\, x%,y\, 2/2) be the Euclidean coordinates of a point in Q and z = 
(x, y, u, v) — (xi,X2,yi, yi, u\, U2,v\, V2) the ones of a covector in T*Q ~ R 4 x R 4 . 
The ring of G-invariant polynomials on T*Q is generated by 

pi = ||x|| 2 + ||u|| 2 o-i = \\y\\ 2 + \\v\\ 2 



p 2 = 2(x -u) a 2 = 2(y ■ v) 

P3 = Nl 2 - bll 2 ^3 = IMI 2 -NI 2 

Pi = xiu 2 - x 2 ui <7 4 = yiv 2 - y 2 v\. 



These polynomials, which form a Hilbert basis, are subject to the following semi- 
algebraic relations 

Pi > 0, cti > 0, p\ = p\ + pi. + Apl, g\ = <7 2 -(- (j 2 -\- 4(j 2 . 

Identifying the cosphere bundle S'*R 4 with R 4 x S 3 C R 4 x R 4 , where S 3 = 
{(u,v) G R 2 x R 2 : ||u|| 2 + ||i;|| 2 = 1}, it is easy to see that its contact structure 
is given by the kernel of the restriction of the Liouville one-form 9 = udx + vdy 
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and that the associated momentum map J : 5*R 4 — ► R 2 is given by J(x, y, u, v) = 
(pi,ai) £ R 2 . Consequently, we still have two more constraints to describe the 
zero-momentum level set: 

Pi = and (74 = 0. 

Notice that we can also see S'*K 4 as the subset of R 8 defined by the additional 
constraint 

Pi + P3 + °\ + ^3 = 2. 
The associated G-invariant Hilbert map is defined by 

7 : J-\0) -> R 3 x R 3 , 7 (z) = ( Pl (z), p 2 {z), p 3 (z); a ± (z),a 2 (z), a 3 (z)), 

and we can identify the reduced contact space with the image of 7, i.e. with the 
semialgebraic variety of R 6 defined by 

C =s {0; a) £M. e : p x ,a x > 0, pj = p\ + pj, o\=o\ + a\, pi+p 3 + a 1 + a 3 = 2} 

which is the intersection between the product of two cones, C\ x C 2 and the hy- 
persurface H := {( P i,p 3 , ai, 03) £l 4 : p\ + p 3 + o\ + a 3 = 2}. (see Figure|SJ|. 

The Reeb vector field on S*M. 4 is given by R(x,y,u,v) = (u,v,0,0) for any 
(x,y,u,v) S R 4 x S 3 and the flow of the corresponding reduced Reeb vector field 
on Co at a point (po; ao) is easily computed as 



pl(t) 


= P01 


+ P02t + 


|(Poi H 


-P03K 2 


P2(t) 


= PQ2 


+■ (P01 4 


Pm)t 




Ps(t) 


= P03 




\{pm H 


-P03)i 2 




— &01 


+ <?02t 4 


" 2"( CT 01 - 


f cr 03 )i 2 




= (702 


+ (c7 i 4 


- CT03)i 






= C03 


- <7 02 £ - 


5(001 - 


f CT 03 )i 2 



Applying Proposition 14.11 we know that the orbit types of J _1 (0) are exactly 
those given by Iq and hence the contact strata of Co are in bijective correspondence 
with the strata of Q given by Iq . We then have 

T*Q e = {(x,y,u,v)eR s : (x,y) ^ 0} 

T*Q {s ixe) = {(0,y,0,t-)eR 8 : y ^ 0} 

T*Q exS i = {(x,0,u,0) eR 8 : x^0} 

7V*Q e = {(i,l/,0,0) : x^0,y^0} 

N*Q S i Xe = {(0,y,u,0) : y ^ 0} 

^Qexsi = {(ar, 0,0,i;) : x^0}. 

Consequently, a direct computation gives the following orbit types for the zero 
momentum map 

J _1 (0) = {z € R 4 x S 3 : Pi {z) = cr 4 (z) = 0} 

(J-H0)\e) = {zeJ-^O): x ^0,2/^0} 

ll{ze J -1 (0) : x = 0,y^0, u ^ 0} 
UUe J-^O) : iz^0,y = (W0} 

(^ 1 (0)) (e xsi) = J _1 (0) : y = v = Q, x^0} 

]J{z e J _1 (0) : x = y = v = 0, ||u|| = 1} 

(^ 1 (0))(s lxe ) = {zeJ-HO) ■ x = u = 0,y^0} 

]J{ze J- 4 (0) : x = y = U = 0, |M| = 1}. 
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FIGURE 4. Isotropy and stratification lattices for the T 2 action on K 4 . 



Using the image of the Hilbert map 7 we can realize the contact strata given by 
Theorems OO and EH as: 

Cq^ = CC( e ) II CS( S ixe)y(e) II ^(exS 1 )^) II C^(T 2 )^(e) 

CC(e) = {(p;°) ■ PU°l > 0, Pi ^ P3, <J\ ^ <T 3 , p\ = p\ + p§, 

erf = of + o\, pi + p 3 + (7i + cr 3 = 2} 

CS^xeMe) = {(P; cr ) : Pl,°l > 0; CT 1 ^ °3, Pi = P3, Pi = 0, 

2pi + 01 + 03 = 2, of = of + of} 
= (M+ x C* 2 ) n {2pi + (Ti + 0-3 = 2, ox ^ o- 3 } 

C-5(exS 1 )v(e) = {(P;cr) : pi,CTi > 0, pi ^ p 3 , (Ti = cr 3 , cr 2 = 0, 

2(7i + pa + p 3 = 2, p? = p^ + pi) 
= (Ci x R+) n {2o-i + pi + p 3 = 2, pi 7^ p 3 } 
CS^)^) = {(p;cr) : px,CTx > 0, pi = p 3 , CTi = o- 3 , p 2 = cr 2 = 0, 

Pi + 01 = 1} 

CC (exSl) = {(p;0):pi>0, pi+p 3 = 2, pf = pi+pi}\{(l,0,l;0)} 

C-V)HexSi) = {(1>0,1; 0,0,0)} 

/ ^(5 1 xe) /^/^ T T r 1 Q 

CC (s i xe ) = {(0;<7):ai > 0, 01 + 03 = 2, o\=a\+ of}\{(0; 1,0,1)} 

CS {T 2 )Hslxe] = {(0,0,0; 1,0,1)}. 

The corresponding contact, secondary and C-L stratification lattices in Co are 
shown in Figure [5] Notice that (e) is the principal orbit type in Q and, therefore, 
CC( e ) is open and dense in the reduced space Co- The contact seams CSn^)y(s 1 xe)i 
CS'(T2)^( eX 5i), and CiSW^We) are Legendrian submanifolds of their contact strata, 
while the rest are coisotropic. Every contact seam is mapped by the flow of the re- 
duced Reeb vector field into the CC-secondary stratum of its corresponding contact 
stratum as it can be easily checked. 



In order to understand the bundle structure of these stratifications, we embed 
Q in T*Q as the zero section and we identify Q/G with the subset of the image of 
7 given by 



Q/G= {(h,0,-ti;t 2 ,0,-t 2 ) : ti,t 2 > 0} ~ M+ x E+, 
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Figure 5. The ambient space of Co 



a half-plane parallel to H. The strata of its orbit stratification are 

g(ex5 1 ) = {( tl ,0,-t i; O):ti>0} 

Q(s 1 xe) = {( 0;t2 ,o,-t 2 ) :t 2 >0} 

(e) = {(ti,0,-ti;t 2 ,;0,-t 2 ):ti,t2>0} 

and we obtain that the corresponding cosphere-like strata of Co are diffeomorphic 
to the cosphere bundles 

S*Q {exSl) ~S*Q (5lxe) -RUM and S*Q {e) ~ M 2 x S 1 . 

The continuous fibration fc° : Co — > Q/G is given by fc°(pi, P2, P3; o"i, 02, £73) = 
(pi - 1,0, 1 - pi;o"i - 1,0, 1 - o-i ). 
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CC( e ) 



e) 

FIGURE 6. a) Contact stratification of Co- Secondary stratifi- 
cations of: b) Cq CXS \ c) Cq S xe ^ and d) Cq G \ e) Coisotropic- 
Legendrian stratification of Co- 
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